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It is known that head seas cannot travel without deformation along a cylinder of full
constant cross-section, and recent calculations have indicated that the wave amplitude
near the cylinder ultimately decreases as the waves travel along the cylinder, i.e. that
the waves are refracted away from the axis of the cylinder. It was assumed in these
calculations that the cross-section was a half-immersed circle of radius a of the same
order as the wavelength 277/ K, but the method can probably be adapted to arbitrary
full constant cross-sections. (There is however another calculation which indicates
that for a thin ship the wave amplitude ultimately increases.) In the present paper
these calculations are extended. The circular section is again studied but it is now
supposed that the wavenumber Ka may be small. Uniformly valid expressions for the
wave potential are obtained which show that for small Ka the refraction becomes
significant only when K« (the dimensionless distance along the cylinder) is so large that
the product (Kz)tv,(Ka) is also large; here the function vy(Ka) ~ 2Ka arises in the
solution of a certain eigenvalue problem. (The uniformly valid expressions also
suggest an interpretation of the thin-ship calculation which resolves the apparent
inconsistency.) The same method is applied to the waves generated by a pulsating
source on an infinite cylinder, and similar results are obtained.

1. Introduction

In earlier work the effect of a long cylindrical ship on head seas was considered. Thus
it was shown (Ursell 1968, hereafter referred to as II) that head seas cannot travel
along such a ship without deformation. When the horizontal diameter 2a and the wave-
length 277/ K are of comparable magnitude this deformation can be shown to consist of a
progressive refraction away from the axis of the ship (Ursell 1975, hereafter referred to
as IV); the total wave amplitude along the ship decreases like (Kz)—%, where « is the
distance measured along the ship. Another result relates to a ship with a thin wedge-
like cross-section for which Ka is very small; it was shown in §5 of II that the
amplitude of the diffracted wave increases like (Kxz)} along the ship. It is of some
interest to investigate how these results can be reconciled; also, in practical applica-
tions the parameter Ka is often quite small. In the present paper we shall accordingly
be concerned with the asymptotic behaviour of the wave motion along the ship when
Kz is large while Ka is small. The results are consistent with earlier results when Ka
is of order unity.

The same methods will be used as in IV, except that the asymptotic treatment of IV
will be replaced by a uniformly asymptotic treatment which remains valid when Ka is
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allowed to tend to zero. Repetition will be avoided where possible, and the results of IV
will be freely quoted. As in IV, linearized theory will be used, the ship will be replaced
by an infinitely long horizontal cylinder of constant cross-section on which the normal
velocity is suitably prescribed, and the cross-section will be taken to be a half-immersed
circle. Three problems were considered in IV. Problem 1 was concerned with head seas
incident on a fixed semi-infinite ship, problem 2 with waves generated by a pulsating
source on an infinite ship, and problem 3 with the wave pattern generated by an infinite
nearly cylindrical ship moving along its length through still water. The mathematical
treatments of problem 2 and problem 3 are almost identical, and problem 3 will there-
fore not be considered in the present paper. We shall find, as in IV, that the form of the
asymptotic behaviour for large Ko depends only on the form of the singularities of the
Fourier transform ®(k, y, z) near k = K, and that this can be found without finding
individual coefficients. For the sake of clarity it will be convenient to begin with
problem 2. We shall then pass on to problem 1, which involves some additional
complications.

2. Problem 2: a distributed pulsating source on an infinite cylinder

The same notation will be used as in §4 of IV. The velocity potential ¢,(z, y, z) e-to*
satisfies the equation of continuity

2 o
(555 +5y—2+8—z§) ¢o(x,9,2) = 0 in the fluid, (2.1)
the boundary condition
(K +0/oz)p, = 0 on the mean free surface z=0, r>a (2.2)
and the boundary condition
Opo/0r = v(x,0) on the cylinder r =a. (2.3)

(The index 2 will usually be omitted in the calculations of the present section.) It is
assumed, as in IV, that v(x,0) = 0 when |z| > I, where [ is an arbitrary length, and that
v(z, 0) is an even function of #, but these restrictions can easily be removed. Thereis also
the radiation condition that ¢ represents outward-travelling waves at infinity. A
method of solving this problem was given in §4 of IV. Let ®(%,y,2) and V(k,6) be
defined by the equations

Otz = [ ple.g.r)etods, 24)

Vmﬁ)=fw (@, 0) e da. (2.5)

Then from equation (4.11) of IV we have (with & = if)

mcos f T (kr,0,cos B)+sin fR(kr, 0, cos )
mcos B Ty(k) +sin § Ry(k)
® 1 cos B Ty, (k) +sin 8 Ry, (k) s, (kr, 0, cos f)

T s BT )+ fRR)  K(Ra)

O(k,y,2) = al},

(2.6)
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where K[k = cos f (0 < f < }m) and where the functions 7, # and ¥, are defined
in the appendix at the end of the present paper. They satisfy (2.1) and (2.2). The
coefficients T, T}, and Ry, R,, are the coefficients in the expansions (over the range

6 < i)

T(,0) = L2 T + 5 Tonll) (o= (2.7)
and ’

- B0 & it ) e

here T(k, 0) = {(a 0T [or), R(k, 0) = {a0R[or) and V, is an arbitrary normalizing con-
stant. Angular brackets will be used to indicate that r is to be put equal to a after
differentiation. The coefficients depend on V(k, @); they are functions of k and involve
K and a as parameters. The form (2.6) is appropriate when k¥ > K; when 0 < k < K we
write # = ta (0 < & < o) to obtain equation (4.11) of I'V. This is the appropriate form
since # was taken to be positive in (2.6) above, and since the contour in the k plane
passes below k = K. [Note a misprint in equations (2.15) and (2.17) of IV: on the right-
hand sides the symbol + should be replaced by F . Note also that the left-hand side of
equation (4.9) of IV should read 7'(k, #).] Let us write

sin Wo(kr,0, f) =L (kr,0, f) = 2mcos f.T (kr, 0, cos ) + 2sin fR(kr, 0, cos ff),

(2.9)
S(k,0) = 2mcos fT(k,0)+2sin § R(k, 0), (2.10)
Som(f, Ka) = 27 cos BT, (k) + 2sin B Ry, (k); (2.11)

also let us write

Nkr, 0, Ka) = N(Krsec 8,0, f, Ka) = S(kr,0, 8)— 3 Sy, Ka) Lemikrs0,0056)
m=1

Kim(ka)
(2.12)
Then we have
V,N(Krsecf,0, 3, Ka)
Ok, y,2) = 20 , 2.13
(k,9,2) AN O (2.13)
and
_ Vi, 9 el < >
S(k,0) = ——V(.)—So(ﬂ, Ka) +m§l S,..(8, Ka XL () 6r (2.14)
We also have
FL(kr,0, — ) = 4mcos ff e~ K7 cosh (Ky tan ) — L (kr, 0, ). (2.15)
3. Asymptotic evaluation for large Kz and small Ka
From (2.4) the potential '
Mz, y,2 f Dk, y,z) etkedk (3.1)
= ETf@(Ksec,ﬁ’, y,2) exp (tKxsec ) smﬂﬂ apg (3.2)

may be determined in principle but not in practice, since ®(k, y, z) has not been found
here in an explicit form. We are however mainly concerned with the waves of wave-
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number K for which Kz is large and which are near the cylinder, where y and z are
bounded; in other words, we are concerned with contributions to the integral (3.2) from
the saddle point 8 = 0; cf. p. 693 of IV. When Ka was not small or large it was found in
IV that the denominator Sy(f, Ka) does not vanish near # = 0, and that the asymptotic
behaviour of the wave term ¢4 (x,y,z) in ¢(x, y, 2) is then given by

1\ . KaV, . 1
~ —f— —Yin "0 ,iKz -
¢K(x) y’ Z) (271) € TO(K) € (D*(Kr y: Z) (KZ)& (33)

through a straightforward expansion of ®(k,y,z) about k= K. The potential
®,.(K,y,?) is that solution of

(%)0y? + 2222 — K2) @, = 0 (3.4)

which satisfies (@9®,/0r) = 0 on 7 = a and @ (K,y,2) ~ —27|Ky|e K as |y| >o0;
see §2 of IV.

When Ka and kr = Krsec f are both small, the convergent power-series expansions
of the wave functions 7, Z and ¥',,, (given in the appendix) can be seen without great
difficulty to be also asymptotic expansions. By retaining only a few terms (as in §4 of
Ursell 1962, hereafter referred to as I) it is then possible to solve the systems (2.7) and
(2.8) approximately for small Ka. A trial calculation for special velocity distributions
of the form v(z, 8) = v4(z) cos 6 showed that the denominator

So(f, Ka) = 2m cos B Ty(k) + 2 sin BRy(k) (8.5)

has a small real negative zero at § = — f,(Ka), say, where fy(Ka) ~ 2Ka as Ka—> 0.
(It will be seen later, in §4, that £,(Ka) is independent of v(x, §).) Equations (2.13) and
(3.1) show that

KaV, N(Krsecf,0,8, Ka)

P(x,y,2) = = 0 ,iKz 3. Ka) exp {i Kz(sec f— 1)} sin df, (3.6)

cos? g

where Sy(8, Ka) has a real simple zero f# = — f,(Ka) near the saddle point g = 0, and
where we are concerned with the contribution ¢x(x, y, z) from the neighbourhood of
B = 0. Thus we must use a uniformly asymptotic technique (a simple modification of
the method of steepest descents) which is applicable when the integrand has a simple
pole near a saddle point (cf. appendix 2 of II, for the case of a double pole).

As in the ordinary method of steepest descents, take a new variable of integration v,
as follows. Write 302 = sec f— 1 = 2sin®}f/cos # and take the positive square root

v = 2sin }f[(cos B)}; (3.7
then v ~ £ as §— 0. Also write

vo(Ka) = 2sin 3 f/(cos fy)3. (3.8)

Near £ = 0, let the non-oscillatory part of the integrand of (3.6) be expanded in a
convergent series of the form

N( )sing df _A(Kr,0,Ka) & m
57 Rayoostpdo ~ v ro(Ka) +m§03m(Kr,0, Ka)vm, (3.9)
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where, from (3.15) below, we have A( )= —v,By( ). Thus the right-hand side of
(3.9) is

'U+'Uo 0( )+§Bm( ),vm.

Then, by the familiar argument used to prove Watson’s lemma,

N d
fSo(/;,K) exp {{Kz(sec f—1)} ° zzlf?df v (3.10)
N vexp (}iKx?)
B, ( )f e (3.11)
+m%l' B, ( ) fL vtm exp (3i Kzo?) dv, (3.12)

where the path of integration in the complex v plane may be taken to be the path L
from v = — oo exp (}im) through » = 0 to v = oo exp (}im). Retaining only the leading
terms, we see that

N( ) sm Kax\? (emt .
T o (1 BBap~ B ) (g5) B ((F) veel| Bt et
(3.13)

where

w
= 1 2 -
F(&) fLw+§exp(zw Vdw
To find 4( ) multiply (3.9) by v+v, and let #—»— g, and v——v,. Then

- _ smﬂo v+v, df
A(Kr,6, Ka) = — N(Krsec f,, 0, - By, Ka) Szﬂoﬂl—ﬂo(so(ﬂ Ka) d‘”)

sin ﬂo __1_____
0828, (38,/08) 5=z,

To find By( ), put # = 0and v = 0in (3.9). Then

=—N( ) (3.14)

0=A( )fvo(Ka)+By ),
whence

A( )= —vKa)By( ). (3.15)
An explicit expression can also be found for By( ). For if it is assumed that
(Kz)tvy(Ka)

is large, then the asymptotic expansion for F can be used (see appendix) and the calcu-
lation of equation (4.12) of IV then shows, after comparison with (3.3) above, that we
must have

(D*(K,y,z)+w

1
BZ(KT, 0, Ka) = m ’0(2,

, (3.16)
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where the two terms on the right become large and tend to cancel out when Ka tends
to zero. From (3.6) and (3.13) we now find (restoring the index 2) that

. 3
br,,2) ~ e B, 0, Keo) (Ko +, (52 (i)

K . —4in
-7 2:;; ¢E=B® (Kr, 0, Ka) (%x-)-,} (3.17)

or, from (3.17),
Kavi V, e&=

D, (K,y,2) F {(Z{ﬁ)kvo (Ka)} (3.18)

¢2K(x, Y, z) ~o 2372 Té‘z’(K) (Kx)% 5
2tKa¥V, eK= Kx\}
p ——(Kx)m!B‘Z(KT’ a, Ka) Fa{(—-z—) Uy (Ka)}, (3.19)

where
3

Fy(f) = fL w“jr FOxP (i) dw.

The term (3.19) can be omitted when Kz is large. For (3.16) shows that v2 @ ( )/Ty(K)
is of the same order as By( ), and therefore By( ). Thus the ratio of (3.19) to (3.18) is
of order (Kx)-1Fy{ }/F{ }. Thisisoforder (Kx)-1, for the ratio Fy(&)/Fy(&) is bounded
for all real positive { since it tends to finite limits when {— 0 and when ¢ o0; also
F,() does not vanish when { > 0. (See the appendix for properties of the functions
F.(0).) It follows that

_ Kav, eE®
2kn (Kz)t

Kx\1
0uK.y,9 B{(F) vka)
near r=a when Kx> 1, (3.20)
1\¢ V, ¢E=
—f—) etirgKg—"0
(35) e rgseg i +(Ko3:
L near r=a when Ka(Kz)}> 1, (3.21)

¢2K(x: Y, Z) ~

on using the asymptotic expansion of F,({). Here vy(Ka) is defined by (4.5) below, and
(3.21) now shows that (3.3) is valid not only when Kz is large and Ka is neither large
nor small (as shown in IV) but also when Ka is small and Kz is so large that Ka(Kx)} is
also large.

4. The function H, (Kr, 8, Ka)

We now investigate the function vy(Ka) in more detail, and show that it is indepen-
dent of the boundary condition (2.3) on the cylinder. We observe that, if there exists a
Bo(Ka)such that §y(— gy, Ka) = 0, then the expression (2.14) evidently does not involve
V(k, 0) when g = — B,. This observation together with (2.15) suggests the following
boundary-value problem.

Problem H. Determine a value of f, and coefficients h,,,(f, Ka) in the expansion

H(K secf,y,2) = exp(— Kz)cosh (Kytan ) —117—7 tan SV (K sec B,y,z)

cosfi 2 bhy,(f, Ka)
+ "El Ké:l(Kasecﬂ)‘P'zm(Krsecﬂ,O, cosf), (4.1)
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such that the boundary condition

(adH[or) =0 on r=a, 0<0<in (4.2)
18 satisfied
We have the following result:

THEOREM H. For sufficiently small positive Ka the boundary-value problem has no
solution unless f3 takes a certain characteristic value f = fy(Ka), where f(Ka) ~ 2Ka as
Ka > 0. The solution when g = f(Ka) will be denoted by Hy(Kr, 6, Ka).

It is almost self-evident that the problem has no solution for prescribed Ka and
arbitrary g since the boundary-value problems (2.7) and (2.8) above (which have a
solution for arbitrary £) contain one more undetermined coefficient than (4.2).

To prove the result, consider the system

—<a-:—r=e‘K"cosh (Kytanﬂ)—;%tanﬂ‘l"o}> = —<a,a l .7'———1; nﬂ.@}>

_cosﬂ (B Ka) <K ) 8r ¥, Y+ 3ho(8, Ka), (4.3)

where hy(f, Ka) is an additional undetermined coefficient. The boundary condition
(4.2) in problem H corresponds to the condition ky(#, Ka) = 0. We now note that the

functions
cos 8 < >
K., 3r

tend formally to cos 2m6 when Ka > 0, as is readily shown from the known properties
of the Bessel functions K,( ). (See also equation (2.42) of I.) Thus, in the limit, the
expansion (4.3) is a Fourier cosine expansion over 0 < 6 < 7. For general Ka, apply

the operators

P
éf ...cos2nfdf (n=0,1,2,...).
mJo

The system (4.3) is thus transformed into an infinite system
Con = ho, + Elanmhzm (n=0,1,2,...),
m=

where c,,, is the nth Fourier coefficient of the left-hand side of (4.3), and where all the
a,,, can be seen to tend to zero when Ka tends to zero. The parameter h, does not appear
in the equations for » = 1, 2, 3, ..., and it can be shown that these can be solved for
hg, by, kg, ..., by iteration when Ka is small enough. It is found that

by, = 3, + O(Kamax [c5,|) when =»=1,23,....
m
Then &, can be found from the equation for » = 0, i.e. from
4 (i 0 1 @
—_— - - = . 4.
ﬂ.fo <a P li}ﬂ' o tanﬂ.@} ae h,,+m§=‘,1 Bom Pom (4.4)
When kr and Ka are small, the expressions for 7 and Z in the appendix can be expanded

in power series, cf. also §4 of I. When £ is of the same order as Ka, the leading terms on
the left-hand side are thus found to be (2/m) (Ka — } tan £) while the terms in the sum
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on the right are readily seen to be o(Ka), since the &,,, are O(Ka) and the a,,, are o(1). It
follows that 2y(B8, Ka) = 0 for a positive value f = fy(Ka)such that fy(Ka) ~ 2Ka. Put
B = fy(Ka) in (4.3); then the coefficients A,,,(§,, Ka) can be determined, and the func-
tion H(K sec f,,y,z) is then defined by (4.1). We define H(K sec f,,y,z) = Hy(Kr,0,Ka);
this concludes the proof of theorem H.

We note that Hy(Kr, 0, Ka) satisfies

(02)oy? + 0%[02% — K?%sec?By) Hy = 0 in the fluid,
(K +0[0z)Hy =0 on z—-O r > a,

(oHpfory =0 on r=a.

Also
Hy(Kr,0, Ka) —exp (— Kz) cosh (Ky tan f,) + (4m)~1 tan f, ¥, (K sec B, y, 2)
= O(exp(— | Ky| sec,ﬁ’0 as  |y-—>oo0.

We see that Hy( )—>oo exponentially when |y|—co but that the rate of increase
Kytan 8, tends to zero when 8,— 0. We also note that

vo(Ka) = 2sin }8,/(cos B,)3, (4.5)
where f,(Ka) is defined in theorem H above, and that vo(Ka) ~ 2Ka when Ka— 0.

5. Problem 1: the action of a fixed long ship on head seas

The treatment in this section is similar to that in §3 of IV, but some of the approxi-
mations made there will not be made here. The diffracted potential is replaced by &
potential ¢,(z, y,z) which satisfies the boundary condition

{ad,[or) = —eEZh(x){adeE2[or) on r=a, (5.1)
where
h(z) = 0 on the forward part —o0 <2 < -1,
@ =11 on the rear part I<z <o,

and where h(x) is chosen to be an infinitely differentiable increasing function on the
middle part —I < = < I. It is reasonable to hope that this motion will resemble the
diffracted waves due to a semi-infinite ship. (The index 1 will usually be omitted.)
For the Fourier transform we then obtain the expansion (see equation (3.13) of IV)

- 3 Fan(kr, 0, cos )
q)(k7 y,Z) - Po(k) IP.O(Ic> y’z)+§l:lp2m(k) 2 K;m(lca) ’ (52)
where
< Po <a—>+zp2m <K lca 37. > (5-3)
H(k— K){0e&=2[or), (5.4)

in which H(k) is the Fourier transform of A(x). Also we have
{ad¥,jory = 2mcot B T(k,0)+ R(k,0);
we note that {ade~%?/or) = T'(K,0). Thus

2ﬂcot,BT(k,0)+R(lc,0)=-—H—(;)(—_k—)19T(K0 z’;j:zk yn ka a:m>. (5.5)



The refraction of head seas by a long ship 651

It follows that
H(k— K)[py(k) = —2m cot BT {M(k) — 2RM(k)
and
Pam(k)[Po(k) = — 27 cot BTG (k) — 2RE(K),
whence
_ H(k—-K)
pO(k) = - o COtﬂTo(l)'l"2Rél) (56)
and
_ 27 cot ,B T“) +2RY,
Here T),(k) and RJ),(k) are coefficients in the expansions
" , 1 a 0Y,,
T(k,6) = Tk T(K, )+ T8, () (57~ 52 (5.9)
and
a 0 a ¥,
R(k,6) = R{O(W) T(K, 0) + 2R (b) ( - 20 ). (6.9)
2m
On combining these equations we obtain
S(k,0) = 86, Ka) T(K, 6)+ ZS (8, Ka) ( 2 Toom (5.10)

K_;m or
From (5.6) and (5.7) we thus obtain

—~H(k—K)
Ok, y,2) = 2m cos BTV + 2sin SR

x [217 cos BT+ 2sin R —Z(2m cos BT, + 2sin RY)) ‘—II;%"] (6.11)
2m.

NO(kr,0, 8, Ka)

=—~H(k—-K) 8P4, Ka) in the notation of (2.12) above.
Also (see equation (3.20) of IV)
? g ;
H(k-K) = —k_K—f_mxh (x) dx+ O(k— K),
which is seen to be of the form
2
H(k—K) = K ,3 7 (1+h(8%)
where £(82) = O(5?%) when 2> 0 and where we write k = K sec 8, as before. Thus
d(x,y, 2) f@ k,y,2)e*=dk
ze‘K’” (1+h(B2)) sin B . NO(kr, 0, 8, Ka)
T 27 J' secf—1 cos2/6’exp [iKz (sec f—1)] S ﬂ Ka) B
_ieike o 1+ cosf
= = f(l +h(B ))sinﬂcosﬂexp [(Kzx(secff — ]S(l) dﬂ (5.12)

We now observe that near f = 0 the integrand has two simple poles, one at the saddle
point # = 0, the other at the zero # = — fy(Ka) of S{’(8, Ka). (The function 8,(Ka) is
the same as in §4 above, where we noted that it is independent of V(k, 8).)
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Asin §3 above we write v = 2sin }£/(cos )} but now we expand the non-oscillatory
part of the integrand in the form

1+cosf NO( )df CYKr,0,Ka) AW(Kr,0,Ka)
(1+ﬁ(ﬂ2))sinﬂcosﬂ8(§l)( ydv v + v+,

+ 3 BY( )om,
m=0
(5.13)
to take account of the two simple poles. We require CO( ), A®( )and B{®( ). To
determine C®, multiply (5.13) by v and let #— 0 and v > 0. Thus
2NO(Kr, 0,0, Ka)[S{P(0, Ka) = CV(Kr, 0, Ka).
From (5.8) we note that Ti(K) = 1 and 7}, (K) = 0, whence

NYKr,0,0,Ka) = 2n7 = 2me~k2, S0, Ka) = 27T, = 2m;
thus
0N ) = 2¢K2, (5.14)
To determine AW( ), multiply (5.13) by v+ v, and let §— ~ 8, and v > — v,. Thus

_ (1 +7L(/J’§)) (1+cos B,) NV (Krsec Bo, 0, = By, Ka)
B cos fy( - sin f,) (aSo/aﬂ)ﬂ=-pn ’

but we shall not make use of this expression. To determine B{¥ we may apply the
integral operator f (...)v~1dv to both sides, where the contour of integration encloses
both the poles. (The calculation is similar to that for equation (3.22) of IV.) We thus
find that

an( )

vy~ lAD( )+ B{®( ) =m10,(K,y,7), (5.15)

where B{V( )issmaller than the other two terms by a factor O(Ka). The result (5.15)
can also be obtained from equation (3.25) of IV by considering the very distant field
where Ka(Kz)t > 1; cf. (3.18) above. Substituting (5.13) in (5.12), and proceeding as in
§3 above, we find that

ie

" oo kr,0, K Kaot) 2
o (Kr,0, Ka) §Lexp(%z :w)-?

¢1K(x’ Y, z) ~
,ieiKa:

2m
iein ©

> BE)( )f v2mexp (3iKzv?) dv, (6.16)
=0 L

2n .

+ dv

3 2
AY(Kr,0, Ka) f oxp (§iKzv7)
L v+,

+

where in the first term the path of integration passes below v = 0; thus the integral
in this term has the value 7% since the integrand is an odd function of » along L. Using

(5.14) we find that ‘
R o LT fexp (3iKzv?)
¢1.K(x: Y, 2) € et RT o A ( ) z oo dw

1Kz .
+ 5= B{( )fexp (i Kaxv?) dv
y ; 2 ; oVKZ
= _e—KzeiK:c_’_%% 0, (K, y’z)fexpz(j‘%:lvfxv )dv+w2ﬂ B®( )
(]

> 2
x f vexp (3iKzv®) o (5.47)
v+,
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on using (5.15). This represents the diffracted wave; the total wave field for large x is
obtained by adding the incident wave e~K%¢K%, Thus

wo(Ka) Kax\*t

bt ~ e 0K,y By () 0 (Ka) (5.18)

1 e Kax\#
+m B{M(Kr,8, Ka) Fl{ —?) vo(Ka)} (5.19)
+em20((Ka)H),
where
— wm Y2 —
E. ()= L,w+§exp (tw?)dw, m =0,1. (5.20)

Asin §3 above, we can now show that for large Kz the term (5.19) is of smaller order of
magnitude than (5.18). For it can be seen that v, @,( )and By( ) are both of order
unity; thus the ratio of (5.19) to (5.18) is of order (Kz)~*F{ }/F{ }, and the ratio
F(§)]Fy(£) can be shown to be bounded for all positive . For this is certainly the case
when {—0 and when {— +00; also Fy({) does not vanish for positive real {. (See
appendix for these properties.) The boundedness of the ratio F,({)/Fy(§) follows. Thus
(5.19) may be omitted, and

iwwo(Ka) ... , Kx\*
) s 0, (K, 9,21, |(5) 0 (K0

near r=a when Kzx3> 1, (5.21)
¢lnc +dix~

1 . 1 \¢ .
- e—tin (2"Kx) Bz (K,y,2)
near r=a when Ka(Kz)t> 1. (5.22)

Here vy(Ka) is defined by (4.5) above. The result (5.22) was obtained in IV under the
more restrictive condition that Kz is large and Ka is neither large nor small.

6. Comparison with the thin-ship calculation

As was mentioned in § 1 above, the calculation given in §5 of II can be interpreted as
the diffraction of an incident head sea by a thin ship. The normal velocity on the plane
y = 0 was assumed to vanish when z < 0 and was assumed to be proportional to
e~Kz¢iKz when x > 0. It was then found that the resulting (diffracted) wave ultimately
increases like (Kx)t when x — o0 along the plane, whereas the variation along a ship was
found in IV to decrease ultimately like (Kx)~%. These results appear to be inconsistent,
but we shall now show that the apparent inconsistency can be removed by an appro-
priate interpretation.

Let us first see how the calculation of §5 of II can be interpreted as the diffraction of
a head sea by a thin ship. For this purpose let us consider a semi-infinite ship of thin
triangular cross-section, draught d comparable to 277/K, small semi-vertical angle ¢
and small beam 2d tan ¢. The normal velocity induced by the incident wave e~K2¢*K% on
this wedge is (cf. (5.1) above)

e'K2(—0e~K?[on) = — K sin ce’E*e K2 = — (Kb[d) e'K»e—K2
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when 0 < z < o0 and 0 < z < d; at all other points of the mid-plane ¥ = 0 the normal
velocity vanishes. This is nearly the same velocity distribution as in §5 of IT, but with
a multiplying factor b/d, and it can be shown that it gives rise to nearly the same
diffracted wave near ¥ = 0, which with the same factor is thus

O((b/d) (Kx)}) = O(Kb(Kx)t).

Thus the total wave near the thin ship is 1+ O(Kb(Kx)}) when Kz is large and Kb is
very small.

Let us next consider the amplitude variation near the semicircular ship of §5 above
when Ka is small, Kxis large and Ka(Kx)t is small. From (5.21) this is given by

F{}Kx)tvy(Ka)} = mi— 2imtetin(} Ka)t vy(Ka) + ...
= mi{l — (8mietinKa(Kx)t +...},

which (except for constant factors) is of the same form as for the thin ship. We can now
suggest the following interpretation for the (Kz)? variation found for the thin ship in
§5 of II: the term (Kz)? should have been multiplied by a factor of order Kb, where
2b is the beam; the resulting total-amplitude variation 1+ O(Kb(Kzx)t) is then valid
when Kz is large but Kb(Kz)} is small. This interpretation is consistent with §5 of IT,
since it was implicitly assumed there that Kb was infinitely small.

7. Summary of results and discussion

We have considered the two problems described in § 1 which were previously treated
in IV, but have assumed here that the dimensionless wavenumber Ka may be small.
Problem 1 is concerned with head seas incident on a fixed semi-infinite cylindrical
ship of semicircular cross-section; it is found that the total wave potential is given
(asymptotically for large Kz) by

wo(Ka) Kax\t
P e 0K, 9,9 B | (5 o0 ()
near r=a when Kx> 1, (7.1)
+ ~
¢1nc ¢1K 1 _*i" 1 ieiK-’l'(I) (K
-—ﬂe nKaz x(K,y,2)
\ near r=a when Ka(Kx)t> 1. (71.2)

Here the function @, (X, y, z) is the two-dimensional potential defined in §3 above; the
function v,(Ka) is defined by the eigenvalue problem described in §4 above and satis-
fies vy(Ka) ~ 2Ka as Ka— 0; and the function Fy({), defined in the appendix, is related
to the Fresnel integral as would be expected in a problem of glancing incidence. The
argument (3 Kz)} vy(Ka) (which may be small, intermediate or large) is the product of a
large factor (}K«)? and a small factor v,(Ka), and this also would be expected in such a
problem. [Cf., for instance, the expression for the pressure on a semi-infinite plane due
to a plane sound wave at nearly glancing incidence. This is given in many textbooks,
e.g. in Jones (1964, p. 588).] When Ka(Kx)! is large, the asymptotic expansion of
Fy(¢) is applicable and leads to (7.2). This is the same expression as that in equation
(3.26) of IV, which is thus seen to be valid not only when Ka is of order unity and Kz is
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large but also when Ka is small and Ka(Kz)} is large. The decay factor (Kz)-%in (7.2)
has no analogue in the acoustic problem.

Problem 2 is concerned with waves generated by a pulsating source on a fixed
infinite ship of semicircular cross-section. It is found that the wave potential for large
Kz is given asymptotically by

Kav} V, ¢e&=
T 28t TO(K) (Kx)t

K\t
QK 4 F () viKa)
near r=a when Kx> 1, (7.3)

1\t TV, eE=
=) g Fin 0~
(271) N T@ Koyt THEY?)

near r=a when Ka(Kz)t> 1. (7.4)

¢2K ~

The function Fy({) is also defined in the appendix, and the remarks which have just
been made about problem 1 are equally applicable to problem 2.

The calculation in §5 of II showed that for a semi-infinite thin ship the diffracted
wave increases like (Kx)%. The re-examination in §6 above shows that this must be
multiplied by a scaling factor of order Kb ,where 2b is the (infinitely small) beam of the
thin ship. Thus the diffracted wave is in fact of order Kb(Kx)?, and comparison with
problem 1 suggests that this is valid when Kz is large but Kb(Kz)? is small.

Equation (7.1) shows that the refraction away from the cylinder becomes significant
when the product Ka(Kz)} becomes large, i.e. when Kz > (Ka)~2. The function vy(Ka)
which appears in this calculation is determined by the eigenvalue problem of §4 above.
Its solution involves analytic continuation to the second (non-physical) sheet of the
k plane, or to the non-physical part of the £ plane, and it is thus difficult to give a
physical interpretation of the calculation of vy(Ka).

We note once again that the calculations of the present paper use little more than the
analytic form of the Fourier transform near £ = K, and that this can be found fairly
easily from the form of the expansion (2.6), which however is applicable only to the
semicircle. For other cross-sections it will be necessary to rephrase the argument in
terms of integral equations, and this will also be necessary for the study of the other
limiting case when Ka is large, about which little is known.

Appendix
The functions T, R, ¥,

These are defined in §2 of IV (here we have used the relation k = Ksec f):
T (kr, 8, cos B) = exp (— kz cos ) cosh (kysin §),
R(kr,0, cos B) = — B cot fexp (— kzcos #) cosh (kysin )

+ Ko(kr +2) §; (—1)ym1 [;— (L(kr) cos VB)] sin mf cot B,
m=1 14

Wo(kr, 0, cos B) = 2mcot T (kr, 0, cos B) + 2R (kr,0,cos f) when k> K;
when k& < K, put f = —ia, where a > 0, so that

Wy, (kr, 0, cos f) = K,,,(kr) cos 2m0 + 2 cos B K,,, ,(kr) cos (2m—1)0
+ K, o(kr)cos(2m—2)8, m=1,2,3,....
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Ficure 1

Here the functions I({) and K,({) are Bessel functions in the usual notation. For the
expansions of these potentials for small kr, see §§2 and 4 of 1.

Expansion of the functions F,,({) for small and large positive §

By definition we have

Fu(@) = [ 2 exp (),

where the path of integration L goes from w = —ocoexp(}im) through w =10 to
w = 00 exp (}¢7), and where —{ < 0 lies to the left of L. To obtain the expansion for
small {, deform the path of integration into the path L,, which near w = 0 has the
form of the semicircle (w| = I, — §m < argw < }m, wherel > |{| (see figure 1).

On L, we have |w| > [{|, whence

Fut)= [ 2 pexpliun)dw = £ (~0F[ wm-itexputdw = 3 (~0Fgenm sa5.

1

By integration by parts we have

20gs1 = 8s41- (A1)
Also evidently
9 = f exp (iw?) dw = nhetin; (A2)
and -
q, = fL wlexp (1w?) dw = mi, (A 3)

for the integrand is odd and the straight parts of L, therefore give a total contri-
bution of zero. It follows that g, = mexp (}ism + }im)/T'(4s+ %), whence we have the
convergent expansion

© _ ¥ otimyk
Ey(¢) = inexp(~}imm) % 1“((T+%ek‘:)§n“) (A 4)

We are concerned with the functions F, F, and F,, and we note that none of these
vanishes when § = 0.
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When { > 1 we use Watson’s lemma:

F()~ fw"‘ (%—z—g—:+ ) exp (sw?) dw

2 U kep Gty = 5 A

—k§0 ZE wmtk exp (sw?) w—kgo—g—;cﬁ—q_,m_k.
In particular, Fy({) ~mteling-1, F(§) ~ dmdeting—1 and Fy(Q) ~ $nteting-2, since
g3=¢_3=..=0. Here (A 1) and (A 2) have been used. It follows that the ratios

F,[F, and F,[F, are bounded for large positive {.
It remains to show that Fy({) and F () do not vanish for positive . We have

_ [~ etirexp(—pYdp _ [ elimexp (—p?)dp(¢+petin)
F"(g)_f—ao C+petm _f—m (§+petm) (C+peiin)

Thus the imaginary part of Fy({) is
. ® exp(—p?)dp
gsmi”f_w —‘§+peiiﬂlz_;
which clearly does not vanish when ¢ is real, except possibly when { = 0. Since
Fy(0) + 0, it follows that Fy({) does not vanish for real positive {.
Similarly we have

_ (= imexp(—p¥dp _ [ ™ ip{+petin)exp(—p?)dp
F1(§)-—f_wm}—i;— —f_w [Ctpetn]e .

Thus the real part of F;({) is
® pPexp (—p?) dp
cos inf_w —_—__|§+peii"lz

b

which clearly does not vanish; so F,({) does not vanish for real positive {.
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